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Outline

• Cluster of galaxies 
• Mass richness (MR) relation 
• Halo occupation distribution (HOD)

• Model

• The Three Hundred 
• Cluster catalogue 

• MR relation using galaxy stellar mass 
• MR relation using galaxy magnitude

• comparison with other models 
• 7-parameters relation 
• comparison with previous work
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• Central galaxy 
• Brighter, redder, and more concentrated centrals reside 

in more massive clusters 
• Satellite galaxy 

• Baryonic process: harassment, ram-pressure stripping, 
tidal stripping, dynamical friction, and strangulation

Galaxy formation and evolution
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Background — Cluster of galaxies
Cosmology
• Cluster abundance  
• Cluster power spectrum 
• Cluster stacked lensing 

N(M, z)



1. Dynamics 
• Assumption: dynamical equilibrium 

• galaxy number density profile ,  galaxy velocity dispersion   
2. X-ray  

• Assumption: hydrostatic equilibrium 

• Gas density profile , gas temperature profile  
3. Lensing 

• No assumptions 

• Shear profile 

ν(r) σ(r)

n(r) T(r)

γ(θ)

Individual cluster
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Background — Cluster(halo) mass

M(r) = − rσ2(r)
G [ d ln σ2(r)

d ln r
+ d ln ν(r)

d ln r
+ 2β]

M(r) = − rkT(r)
Gμmp [ d ln n(r)

d ln r
+ d ln T(r)

d ln r ]
require high-quality or long-term spectral observations 

direct observables as mass proxies 
mass-observable relation



• X-ray: 

• Gas mass  

• Gas temperature, luminosity  

• Integrated  

• Millimeter: 

• Integrated  SZ flux  

• Optical: 
• Galaxy overdensity  

• Luminosity  

• Richness 

Mgas

TX, LX

YX

YSZ

L
λ

Mass proxies
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Background — Cluster(halo) mass

Fig. Abell 1835 cluster 

(2) Self-calibration with 
cosmological parameters

λ

M
[h

−1
M

⊙]

Lensing mass  
Dynamics mass  

M
M

(1) calibrated with direct 
measures of mass

Costanzi+2021Allen+2011



• Power-law 

⟨ln λ | ln M⟩ = A + B ln ( M
Mpiv )

Mean relation λ(M)

7

Background — MR relation

Richness PDF P(λ |M)
• Log-normal 

 P(ln λ | ln M) = 1
2πσln λ|ln M

exp [− (ln λ − ⟨ln λ | ln M⟩)2

2σ2
ln λ|ln M ]

σln λ ∼ M?

Mass Richness relation

Probability Distribution Function
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Background — MR relation
Scatter σln λ
1. Simple linear relation 

 

Murata+2018(SDSS), Murata+2019(HSC) 

2. Intrinsic scatter + Poisson term  

 

Capasso+2019(ROSITA), Bleem+2020(SPT), 
Costanzi+2021(DES+SPT), To+2021(DES)

σln λ = σ0 + q ln ( M
Mp )

σ2
ln λ = σ2

IG + e⟨ln λ⟩ − 1
e2⟨ln λ⟩

Mass Richness relation



• Central - 2 parameters  

 

• Satellite - 3 parameters  

{Mmin, σlog M}

⟨λcen |M⟩ = 1
2 1 + erf ( log M − log Mmin

σlog M )
{Mcut, M*1 , α}

⟨λsat |M⟩ = ( M − Mcut

M*1 )
α

 - 5 parameters⟨λ |M⟩
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Background — HOD

lo
g⟨

λ|
M

⟩

log M[h−1M⊙]

σ ln
λs

at
/σ

P

⟨λsat⟩

 - Sub-Poisson, Poisson, Super-PoissonP(λsat |M)
• Super-Poisson at large mass 

 Poisson scatter:  statistics of halo merger histories, 
 Super, intrinsic scatter: halo-to-halo scatter 
arises from variance in the large-scale environments of the 
host haloes

σP

σI

Halo Occupation Distribution

Sub-Poisson

Super-Poisson

Poisson

Mao+2015

Contreras
+2017



Method2.
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Log-normal 

 

 a convolution of a Poisson 
distribution with a Gaussian  distribution. 

• no analytic closed form 

P(ln λ | ln M) = 1
2πσln λ|ln M

exp [− (ln λ − ⟨ln λ | ln M⟩)2

2σ2
ln λ|ln M ]

P(λ |M) σP
σI
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Method — Model

• Power-law 
⟨ln λ | ln M⟩ = A + B ln (M/Mpiv)

Mean relation λ(M)

Probability Distribution Function

:  
• power-law  
• Super-Poisson 

Model  as Gaussian

λ > 10

σI

Richness PDF P(λ |M)
Contreras

+2017
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Method — Model

• Power-law 
⟨ln λ | ln M⟩ = A + B ln (M/Mpiv)

Mean relation λ(M) • Model  as Gaussian 
 

 

 

σI

λ = 1 + ΔP + ΔG

ΔP ∼ Poission(⟨λsat⟩)
ΔG ∼ Gaussian(0,σI)

     =>      ⟨λsat⟩ = 20,σI = 0.2 P(λ)
Sample 106 λ

Richness PDF P(λ |M)
Log-normal 

 

 a convolution of a Poisson 
distribution with a Gaussian  distribution. 

• no analytic closed form 

P(ln λ | ln M) = 1
2πσln λ|ln M

exp [− (ln λ − ⟨ln λ | ln M⟩)2

2σ2
ln λ|ln M ]

P(λ |M) σP
σI

Probability Distribution Function
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Method — Model

• Power-law 
⟨ln λ | ln M⟩ = A + B ln (M/Mpiv)

Mean relation λ(M)

Richness PDF P(λ |M)
Log-normal 

 

 a convolution of a Poisson 
distribution with a Gaussian  distribution. 

• no analytic closed form 
• use a skewed Gaussian function to fit it.

P(ln λ | ln M) = 1
2πσln λ|ln M

exp [− (ln λ − ⟨ln λ | ln M⟩)2

2σ2
ln λ|ln M ]

P(λ |M) σP
σI

• use a skewed Gaussian function to fit it

P (λ ∣ M) = 1
2πσ2

e− (λ − ⟨λsat M)
2

2σ2 erfc [−α
λ − ⟨λsat ∣ M⟩

2σ2 ]
Sample 106 Fit
     =>         =>   ⟨λsat⟩ = 20,σI = 0.2 P(λ) σ = 6.55,α = 0.27

2 parameters

  {σ, α}

1 parameter

  σI

Probability Distribution Function



14

Method — Model

• Power-law 
⟨ln λ | ln M⟩ = A + B ln (M/Mpiv)

Mean relation λ(M)

Richness PDF P(λ |M)
Log-normal 

 

Skewed Gaussian 

P(ln λ | ln M) = 1
2πσln λ|ln M

exp [− (ln λ − ⟨ln λ | ln M⟩)2

2σ2
ln λ|ln M ]

P (λ ∣ M) = 1
2πσ2

e− (λ − ⟨λsat M)
2

2σ2 erfc [−α
λ − ⟨λsat ∣ M⟩

2σ2 ]

Probability Distribution Function

1. Simple linear relation:  

2. Intrinsic scatter + Poisson term : 

σln λ = σ0 + q ln (M/Mp)
σ2

ln λ = σ2
IG + e⟨ln λ⟩ − 1

e2⟨ln λ⟩

3. Intrinsic scatter: σI

3 parameters: 
{A, B, σI}



Data3.
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• The most massive ( ) 324 clusters are selected from the MultiDark 
simulation(MDPL2)  

MDPL2: DM-only, ,  DM,   

• 324 zoomed-in initial conditions are generated by cutting a spherical region with a radius of  

    

,  

•  hydrodynamical simulations with baryonic models: 

GADGET-X: calibrated based on gas properties 

GIZMO-SIMBA: calibrated based on the stellar properties

M > 8 × 1014 h−1M⊙

1 h−1Gpc 38403 mDM = 1.5 × 109 h−1M⊙

15 h−1Mpc

mDM + mgas = 1.5 × 109 h−1M⊙ ΩM = 0.307,Ωb = 0.048

mDM = 12.7 × 108 h−1M⊙ mgas = 2.36 × 108 h−1M⊙
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Data — The Three Hundred
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Data — Catalogue

Chinese Space Station Telescope

a European Space Agency mission 

Cumulative satellite stellar mass function Φ(M⋆)
• 324 regions 

• Redshift:  

• Halo finder: AHF (SO) 

• Cluster mass:  

• Galaxy finder: Caesar (6DFOF) 

• Galaxy stellar mass:  

• Galaxy absolute magnitude  in different bands: 

• CSST i-band:  

• CSST z-band:  

• Euclid h-band: 

z = 0,0.5,1,1.5

M ≡ M200c

M⋆
ℳ

ℳi

ℳz

ℳh

• Cumulative satellite stellar mass function  

• GADGET-X and GIZMO-SIMBA are more 
consistent at small 

Φ(M⋆)

M⋆
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Data — Catalogue
• 324 regions 

• Redshift:  

• Halo finder: AHF (SO) 

• Cluster mass:  

• Galaxy finder: Caesar (6DFOF) 

• Galaxy stellar mass:  

• Galaxy absolute magnitude  in different bands: 

• CSST i-band:  

• CSST z-band:  

• Euclid h-band: 

z = 0,0.5,1,1.5

M ≡ M200c ≳ 5 × 1013 ∼ 6 × 1014 h−1M⊙

M⋆ ≥ 109.5 h−1M⊙

ℳ
ℳi

ℳz

ℳh

z=0 
GADGET-X 

 
Selected clusters: 752
M⋆ ≥ 109.5 h−1M⊙

z=0 
GADGET-X 

 
Selected clusters: 333
M⋆ ≥ 1010.5 h−1M⊙

∼ λ > 10

Resolution

Chinese Space Station Telescope

a European Space Agency mission 

• Richness Definition:  
the count of member galaxies selected by: 

•  

•

λ

M⋆
ℳ



Results4.
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• Stellar mass range:  

• Redshift range: 

log M⋆ = [9.5,10.5]
z = [0,0.5,1,1.5]

Power-law:  
Skewed Gaussian PDF:  

3 params 

⟨ln λ | ln M⟩ = A + B ln (M/Mpiv)
σI

{A, B, σI}
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Results — MR relation using M⋆

z=0 
GADGET-X 

 M⋆ ≥ 109.5 h−1M⊙

z=0 
GADGET-X 

 M⋆ ≥ 1010.5 h−1M⊙

1.  is mass independent 

, 4 params  

 ~ 0 

σI

σI = σI0 + q ln (M/Mpiv) {A, B, σI0, q}

q



• Stellar mass range:  

• Redshift range: 

log M⋆ = [9.5,10.5]
z = [0,0.5,1,1.5]
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Results — MR relation using M⋆
Power-law:  
Skewed Gaussian PDF:  

3 params 

⟨ln λ | ln M⟩ = A + B ln (M/Mpiv)
σI

{A, B, σI}

1.  is mass independent 
2. , the behavior of parameters is 

influenced by the baryon models. 
3.  

 

 

 
 is independent on  and  => large-scale 

environments. 
GIZMO-SIMBA, 

σI

M⋆ ≳ 1010 h−1M⊙

M⋆ ≲ 1010 h−1M⊙

A → A0 + Az(z) ↑ + A⋆(M⋆) ↓
B → B0 + Bz(z) ↓
σI → σI0 + σz(z) ↑

σI M M⋆

σI ∼ 0



• Actual observations: the apparent magnitude  
• Absolute - apparent magnitude :  

 

• Different survey, different bands: 

• CSST i-band  

• CSST z-band  

• Euclid h-band 

m

ℳ = m − 5 log(DL /10pc)

ℳi

ℳz

ℳh
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Results — MR relation using ℳ
Whether the above results 
suitable for different surveys?

r-band 
SDSS

r-band 
DES

r-band 
MegaCam 



1. use  to select galaxies 

2. use  to select galaxies 

• Convert  to  

• Stellar mass-magnitude relation 

ℳi

M⋆
ℳi M⋆

ln M⋆ = 4.63 − 0.91ℳi − 1.30 × ln(1 + z)
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Results — MR relation using ℳ
CSST i-band

z=0 
GADGET-X 

z=1.5 
GADGET-X 

•  ~5% 

•
{A, B}
σI × 1.5



• Stellar mass-magnitude relation 
 ln M⋆ = 4.57 − 0.90ℳz − 1.20 × ln(1 + z)

ln M⋆ = 4.68 − 0.88ℳh − 1.00 × ln(1 + z)
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Results — MR relation using ℳ
Other bands

•  ~5% 

•
{A, B}
σI × 1.5

We can use  
(1) the MR relation selected by  and 
(2) the different  relations, 
to forecast for different surveys/bands. 

M⋆
M⋆ − ℳi,z,h,...



Discussions5.
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Log-normal 

 

Skewed Gaussian 

P(ln λ | ln M) = 1
2πσln λ|ln M

exp [− (ln λ − ⟨ln λ | ln M⟩)2

2σ2
ln λ|ln M ]

P (λ ∣ M) = 1
2πσ2

e− (λ − ⟨λsat M)
2

2σ2 erfc [−α
λ − ⟨λsat ∣ M⟩

2σ2 ]
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Discussions — richness PDF

1. Log-normal 

1.1.Simple linear relation:  

1.2.Intrinsic scatter + Poisson term : 

 

2. Skewed Gaussian 
2.1.Intrinsic scatter: 

σln λ = σ0 + q ln (M/Mp)

σ2
ln λ = σ2

IG + e⟨ln λ⟩ − 1
e2⟨ln λ⟩

σI

Probability Distribution Function



•  

• Residual: 9.96>5.34 
• the skewed Gaussian function better incorporates low-

richness values 

•  

• Residual: 31.0>29.9 
• the two functions exhibit greater consistency in the larger 

mass bin

log M[h−1M⊙] = [13.6,13.7]

log M[h−1M⊙] = [14.8,14.9]

1.  Log-normal v.s. Skewed Gaussian
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Discussions — richness PDF
Probability Distribution Function

log M[h−1M⊙] = [13.6,13.7]

log M[h−1M⊙] = [14.8,14.9]



•  v.s.   — more parameters 

•   — intricate scatter

{A, B, σ0, q} {A, B, σI}
σ0(M⋆)

1.1  Log-normal: σln λ = σ0 + q ln (M/Mp)
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Discussions — richness PDF
Probability Distribution Function



• motivated by the super-Poisson distribution in the HOD model 

•  is mass-independent 

•  ?
σI

σIG(M)

1.2  Log-normal: σ2
ln λ = σ2

IG + e⟨ln λ⟩ − 1
e2⟨ln λ⟩
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Discussions — richness PDF
Probability Distribution Function

Sampling

1. Sampling: 

• select    =>   sample     =>   calculate  

=>  calculate  

•  is mass-dependent 

•

⟨λsat⟩, σI 106 λ σln λ, ⟨ln λ⟩

σ2
IG = σ2

ln λ − e⟨ln λ⟩ − 1
e2⟨ln λ⟩

σIG

σIG > σI



• motivated by the super-Poisson distribution in the HOD model 

•  is mass-independent 

•  ?
σI

σIG(M)

1.2  Log-normal: σ2
ln λ = σ2

IG + e⟨ln λ⟩ − 1
e2⟨ln λ⟩
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Discussions — richness PDF
Probability Distribution Function

1. Sampling: 

•  is mass-dependent,  
2. Data: 

• select    =>  a set of    =>   calculate  

=>  calculate  

• GIZMO-SIMBA:  

• GADGET-X:  is mass dependent, 

σIG σIG > σI

[M, M + ΔM] λ σln λ, ⟨ln λ⟩

σ2
IG = σ2

ln λ − e⟨ln λ⟩ − 1
e2⟨ln λ⟩

σIG ∼ 0
σIG σIG > σI Data



• motivated by the super-Poisson distribution in the HOD model 

•  is mass-independent 

•  ?
σI

σIG(M)

1.2  Log-normal: σ2
ln λ = σ2

IG + e⟨ln λ⟩ − 1
e2⟨ln λ⟩
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Discussions — richness PDF
Probability Distribution Function

DataSampling

 is mass-dependent. 
Overlook this dependence will 

overestimate the scatter.

σIG

To compare with other papers, we overlook it.



• Skew Gaussian

3 params -> 7

32

Discussions — 7-parameters

• Log-normal



1. Apparent - absolute magnitude :   

2. Stellar mass - abs magnitude:   

3. Stellar mass threshold result: 7 parameters  

redMaPPer  

ℳi = mi − 5 log(DL /10pc)
ln M⋆ = 4.63 − 0.91ℳi − 1.30 × ln(1 + z)

{A0, Az, A⋆, B0, Bz, σIG0, σz}

0.2L* ⇒ mi = 22,ℳi = − 21.29
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Discussions — comparison with previous work

Pivot point 

Mass dependence 

Redshift dependence 

M = 3e14,z = 0.5
MB

(1 + z)C

Capasso 2019:      X-ray,   ROSAT,        galaxy dynamics 
Chiu 2023:           X-ray,    eROSITA,    number counts(NC) 
Bleem 2020:        SZ,         SPT,             NC 
Costanzi 2021:    optical,   DES,            NC 
Murata 2019:      optical,   HSC,            NC

Red fraction fred ∝ (1 + z)0.65±0.21



Conclusions6.
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Skew Gaussian function has a simpler and smaller scatter  than others.  

 is independent on  and  => large-scale environments. 

GIZMO-SIMBA has a negligible . 

When , MR relation strongly depends on the baryon models. 

When , MR relation can be fitted with 7 parameters. 

Apply MR relation selected by  to different surveys/bands, once we know the 

 relation.

σI

σI M M⋆

σI

M⋆ ≳ 1010h−1M⊙

M⋆ ≲ 1010h−1M⊙

M⋆

M⋆ − ℳ
35

Conclusions


